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We present spontaneous scalarization of charged black holes (BHs) which is induced by the cou-
pling of the scalar field to the electromagnetic field strength and the double-dual Riemann tensor
LµναβFµνFαβ in a scalar-vector-tensor theory. In our model, the scalarization can be realized under
the curved background with a non-trivial electromagnetic field, such as Reissner-Nordstro¨m Black
Holes (RN BHs). Firstly, we investigate the stability of the constant scalar field around RN BHs
in the model, and show that the scalar field can suffer a tachyonic instability. Secondly, the bound
state solution of the test scalar field around a RN BH and its stability are discussed. Finally, we
construct scalarized BH solutions, and investigate their stability.
I. INTRODUCTION
Black holes (BHs) are the most important astrophys-
ical objects predicted by general relativity(GR) and
modified gravity theories. In GR, due to the no-hair
theorem[1, 2], BHs have only three parameters, which
are its mass, angular momentum, and charge. It means
that a BH in GR is the simplest compact object. On the
other hand, to solve the dark energy or the dark mat-
ter problem, several gravitational theories beyond GR
have been advocated. They introduce additional degrees
of freedom as the dark side of our Universe. In some
modified gravity theories, BHs can have additional pa-
rameters corresponding to the additional fields. Such
BHs are called as hairy BHs. Since several properties
of hairy BHs are different from those of BHs in GR, ob-
servations using gravitational waves[3], BH shadows[4],
and motion of galaxies[5] can give us constraints on the
modified gravity. Therefore, it is important to investi-
gate which modified gravity theories possess hairy BHs,
or which theories satisfy the BH no-hair theorem.
A modified gravity theory which has an additional
scalar field is called a scalar-tensor (ST) theory, and
a theory which has a scalar field and a vector field is
called a scalar-vector-tensor (SVT) theory. Recently, the
most general framework of the SVT theories with second-
order equations of motion was constructed[6] (see review
paper [7]). This theory includes not only ST theories
but also several modified gravity theories which have a
vector field. Focusing on the case of the vanishing vec-
tor field, the theory reduces to the Horndeski theory[8–
10], which is the most general ST theory without Ostro-
gradsky ghosts[11]. The SVT theory is divided into two
classes. The first class is the theory with the U(1) sym-
metry, and the other one is the theory without the U(1)
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symmetry. Since the U(1) symmetry constrains interac-
tions and solutions, in this paper, we consider the theory
with the U(1) symmetry. We will summarize the SVT
theory with the U(1) symmetry in Appendix A
In the Horndeski theory with the shift symmetry of
the scalar field, the symmetry strongly constrains BH so-
lutions. Under some conditions, the no-hair theorem of
the shift-symmetric Horndeski theory was proven[12](see
also [13]). In the theorem, the regularity of the Noether
current JµΦ associated with the shift symmetry plays an
important role. We can naturally extend the no-hair the-
orem to the SVT theory with the U(1) and shift symme-
tries, and without a cosmological constant. The condi-
tions of the theorem for the SVT theory are as follows:
1. The spacetime is spherically symmetric and static
spacetime with the asymptotic flatness.
2. F , F˜ and the gradient of the scalar field vanish in
the asymptotic region.
3. The scalar and vector fields have the same symme-
tries with the metric.
4. The norm of the Noether current JΦµJ
µ
Φ is finite on
and outside the BH horizon.
5. The theory has the canonical kinetic term of the
scalar field X ⊂ f2(X,F, F˜ , Y ).
6. The functions Gi=3,4,5(X), fi=3,4(X) and f˜3(X)
are analytic at X = 0.
7. f2(X,F, F˜ , Y ) is analytic at X = 0, Y = 0, F = 0,
and F˜ = 0.
8. f3(X) vanishes at X = 0.
Here, Gi and fi are functions of the SVT theory, and
F = FµνFµν , F˜ = F˜
µνFµν (see AppendixA). Under
these assumptions, the scalar field around BHs must be
constant (see Appendix.B for proof). The class of the
SVT theory which satisfies the above conditions does not
possess BH solutions with a scalar hair. On the other
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2hand, BH solutions in the class which does not satisfy
the conditions may have a scalar hair. The example of
hairy BH solutions is the theory in which f3(0) does not
vanish, and the BH solutions were constructed[14]. Typ-
ically, the scalar field in the hairy BHs decays fast in
the far region. Thus, it may be difficult to distinguish
these hairy BHs from BHs in GR at the asymptotic re-
gion. The other possibility in which hairy BHs can be
realized is violation of the shift symmetry. Although it
is expected that there are many types of hairy BH solu-
tions in the theory, we focus on the hairy BH solutions
associated with spontaneous scalarization.
Spontaneous scalarization is the mechanism by which a
relativistic object has a scalar hair in a strong gravity re-
gion. The model of spontaneous scalarizaiotn was firstly
suggested in the context of relativistic stars[15–17]. The
difference between this model and GR appears in a strong
gravity region, and it was constrained by using binary-
pulsar observations [18] (see [19] for a review). Recently,
spontaneous scalarization of BHs was suggested. The
first model is the ST theory with the coupling between
the Gauss-Bonnet term G = RµνρσRµνρσ−4RµνRµν+R2
and functions of the scalar field[20–25]. In the theory, all
vacuum solutions of GR with the vanishing scalar field
can be solutions if the coupling satisfies the certain con-
ditions. In particular, Schwarzschild BH is a solution.
However, due to the coupling, the scalar field has the
tachyonic instability in the vicinity of the BH horizon
under a certain condition, and it is expected that scalar-
ized BH solutions are realized as the final state of the
instability. It was dicussed which ST theories can realize
the spontenious scalarization in the context of the Horn-
deski theory[26], and the scalarized rotating BH solution
was also constructed[27].
It was also argued whether models of spontaneous
scalarization of BHs can be successfully embedded into
realistic cosmology, in the case that the scalar field has
a cosmological origin. The authors of [28] applied the
scalar-Gauss-Bonnet model of scalarization to the infla-
tion, and mentioned that the inflation is spoiled by a
catastrophic instability caused by the coupling to GR.
The authors of [29] discussed the possibility that the
scalar energy is sub-dominated in Universe, and con-
cluded that the strong constraint from the speed of gravi-
tational waves can be avoided if the initial conditions are
tuned.
Spontenious scalarization can be realized in other mod-
els. The simple example is SVT theories with coupling
f(Φ)FµνFµν or f(Φ)
∗FµνFµν [30, 31]. In this model,
scalarization can occur for the Reissner-Nordstro¨m (RN)
BH which satisfies a certain condition. Scalarization of
the ST theory coupled to Born-Infeld non-linear electro-
magnetic field was also discussed[32].
In this paper, we discuss the possibility of BH scalar-
ization induced by the other type of a coupling in the
SVT theory. From the SVT theory without an Ostro-
gradsky ghost, the invariant quantities of the vector field
which can induce the tachyonic instability of the scalar
field are FµνFµν , Fµν
∗Fµν , and LµναβFµνFαβ where
Lµναβ = 14
µνρσαβγδRρσγδ is double-dual Reimann ten-
sor 1. It was shown that the first two invariants can
induce scalarization[30, 31]. In this paper, we dis-
cuss the possibility of scalarization which is induced by
LµναβFµνFαβ , As a simple toy model, we consider the
following action:
S =
∫
d4x
√−g
( 1
16piG
R− 1
2
∇µΦ∇µΦ− 1
4
FµνFµν
+H(Φ)LµναβFµνFαβ
)
, (1)
where gµν is a spacetime metric, R is the Ricci scalar as-
sociated with gµν , g is the determinant of the metric, and
∇µ is the covariant derivative with respect to gµν . Φ is
the scalar field, and Fµν is the field strength of the vector
field Aµ. H(Φ) is a function of Φ which satisfies H(0) = 0
and H ′(0) = 0, and characterizes the non-linearity of the
scalar field. The condition for H(Φ) ensures that the RN
BH with vanishing scalar field is a solution, and scalariza-
tion of a RN BH is realized. Since the model is subclass
of the SVT theory, an Ostrogradsky ghost does not ap-
pear. The coupling in the action Eq.1 originates from the
function f4(Φ, X) in Eq.A1, and we call the model the f4
model. The SVT theory for spontaneous scalarization of
charged BHs with analytic model function has to be the
model which has the coupling H(Φ)h(FµνFµν , F
µν F˜µν),
where h is function of FµνFµν and F
µν F˜µν [30–32], or the
model which has the coupling H(Φ)LµναβFµνFαβ in the
f4 model.
This paper is organized as follows: In section II, we in-
vestigate the condition in which the tachyonic instability
of the scalar field around RN BH is realized. In section
III, using the test field analysis, bound states around RN
BHs are constructed, and the stability is investigated. In
section IV, we construct the scalarized BH solutions in
the f4 model.
In this paper, we use units (16piG = c = 1) and mostly
plus signature of the metric.
II. INSTABILITY AROUND RN BHS WITH
VANISHING SCALAR FIELD
A. No hair theorem in the f4 model
The authors of [20] considered the scalar-tensor theory
with the coupling between the scalar field and the Gauss-
Bonnet term, and discussed the condition of the BH no-
hair theorem for the coupling. If the condition is satisfied,
the BH solution must have a trivial profile of the scalar
field. In this subsection, we apply the same argument to
the f4 model Eq.1, and discuss the no-hair condition.
1 αβγδ = 1√−gE
αβγδ is covariant anti-symmetric tensor where
Eαβγδ is the Levi-Civita tensor with E0123 = 1.
3FIG. 1. Definiton of V. H , I +, i+, and i0 are BH hori-
zon, null infinity, time-like infinity, and spatial infinity, re-
spectively.
We focus on the BH spacetime which is stationary and
asymptotically flat. From the symmetry, the spacetime
has a time-like Killing vector ξµ. We assume that the
scalar field is generated from the Killing vector : LξΦ =
0, and the event horizon is a Killing horizon associated
with the Killing vector. We consider the region V which
is enclosed by two Cauchy surfaces, a BH horizon and
the spatial infinity (see Fig.1). Varying the action with
respect to the scalar field yields
∇µ∇µΦ +H ′(Φ)LµναβFµνFαβ = 0, (2)
where H ′(Φ) = ∂ΦH(Φ). Let us consider the following
integration:∫
V
d4x
√−g (H ′(Φ)∇2Φ +H ′(Φ)2LµναβFµνFαβ) = 0.
(3)
Using the divergence theorem, we have∫
V
d4x
√−g (−H ′′(Φ)∇µΦ∇µΦ +H ′(Φ)2LµναβFµνFαβ)
= −
∫
∂V
d3x
√
hnµH ′(Φ)∇µΦ, (4)
where H ′′(Φ) = ∂2ΦH(Φ). From the spacetime sym-
metry and the asymptotic flatness, the right hand side
must vanish. Outside the horizon, ∇µΦ∇µΦ is posi-
tive. Therefore, if H ′′(Φ)LµναβFµνFαβ < 0 inside V,
each term in the integrand of the left hand side in Eq.4
must vanish, and the scalar field has to be constant.
B. Tachyonic instability of scalar field arounf RN
BHs for the f4 model
As is discussed in the previous subsection, the sign of
LµναβFµνFαβ is important for a non-trivial scalar field
profile. In this subsection, we treat the scalar field as
a test field, and consider the stability of the scalar field
around the RN BH solution with the vanishing scalar
field.
The RN BH solution is a spherically symmetric
charged BH, whose metric and vector field are given as
ds2 = −f(RN)(r)dt2 + 1
f(RN)(r)
dr2 + r2
(
dθ2 + sin2 θdΦ2
)
,
(5)
A(RN)t(r) =
2Q
r
, (6)
where
f(RN)(r) = 1− 2M
r
+
Q2
r2
. (7)
Here, we assume Q < M . In this spacetime, we obtain
the expression
Lµναβ(RN) F(RN)µνF(RN)αβ =
16Q2
(
2Mr −Q2)
r8
. (8)
Since the BH event horizon is r+ = M +
√
M2 −Q2,
Lµναβ(RN) F(RN)µνF(RN)αβ is positive outside the horizon.
Therefore, if H ′′(0) < 0, the scalar field must be con-
stant under the RH BH.
Let us see this statement from another point of view.
We consider a perturbation δΦ of the scalar field under
the vanishing scalar profile. For simplicity, we neglect
the metric and vector perturbations. From the Eq.2, the
equation of motion for the perturbation is
∇(RN)µ∇µ(RN)δΦ−m2effδΦ = 0, (9)
where the effective mass meff is defined as
m2eff := −H ′′(0)Lµναβ(RN) F(RN)µνF(RN)αβ . (10)
If m2eff is positive, the scalar field is linearly stable, and
it corresponds to the no-hair condition which is derived
in the previous subsection. On the other hand, if m2eff
is negative, the scalar field suffers from a tachyonic in-
stability, and it is expected that the solution with the
non-trivial scalar field exits as the end point of the insta-
bility.
C. Stability analysis around the RN BHs
We have investigated the test scalar field around the
RN BH, and shown that if H ′′(0) > 0, the scalar field
may become unstable. In this subsection, we discuss the
linear stability of the scalar field around a RN BH by
checking the behavior of the effective potential.
Following the standard procedure, we separate the
variables as follows:
Φ(t, r, θ, φ) =
∑
l,m
σlm(t, r)
r
Ylm(θ, φ), (11)
where Ylm(θ, φ) is the spherical harmonics. From the
Eq.9, we obtain the equation for σlm as
− ∂
2σlm
∂t2
+
∂2σlm
∂r2∗
= Ueffσlm, (12)
4where r∗ is the tortoise coordinate of a RN BH:
dr∗ =
dr
f(RN)(r)
, (13)
and the effective potential Ueff is given as
Ueff = f(RN)(r)
(
−16H
′′(0)Q2(1− f(RN)(r))
r6
+
l(l + 1)
r2
+
f ′(RN)(r)
r
)
,
(14)
where f ′RN(r) =
d
drfRN(r). The typical profile of the
effective potential is depicted in Fig.2. As expected, there
2 4 6 8 10
r
rH
-0.08
-0.06
-0.04
-0.02
0.02
M2 Ueff
Q/M=0.9 Q/M=0.7 Q/M=0.5
FIG. 2. The effective potential for H ′′(0)/M2 = 2 and l = 0.
is the region in which the effective potential is negative
around the event horizon, and it implies that there may
be an unstable scalar mode.
To verify the existence of RN BH solutions for which
the stability is not ensured, we use the method which is
discussed in[33]. In the frequency domain, the equation
of motion Eq.13 becomes
− d
2
dr2∗
σ˜lmω + Ueff(r)σ˜lmω = ω
2σ˜lmω, (15)
where σlm(t, r) = e
iωtσ˜lmω(r). To investigate the lin-
ear stability which means that ω2 is nonnegative for all
modes, we focus on the following equation for ϕ(r∗):(
− d
2
dr2∗
+ Ueff
)
ϕ = 0. (16)
As discussed in [33], if the solution ϕ(r∗) of Eq.16 does
not cross zero, the scalar field is linearly stable. Using
the method, we found that there is a parameter region
in which the constant scalar field solution on a RN BH
can be unstable (see Fig.3).
0.2 0.4 0.6 0.8 1.0
Q
M
20
40
60
H′′(Φ0)
M2
FIG. 3. The parameter region in which the constant scalar
field solution on RN BHs is unstable for the l = 0 mode of
perturbations. The solutions in the shaded region are unsta-
ble.
III. TEST FIELD ANALYSIS
So far, we have investigated the stability of the con-
stant scalar profile around the RN BH, and found that
there are parameter regions in which the l = 0 mode of
the scalar field perturbation is unstable. This result im-
plies that there are bound states for a negative effective
potential in the unstable parameter region. We expect
that the state is the final state of the instability. In this
section, we construct the profile of the bound state and
investigate its parameter dependence.
A. Bound states of the test scalar field around the
RN BHs.
The static and spherically symmetric profiles of the
scalar field around a RN BH are solutions of the following
equation:
∂2rΦ +
(
2
r
+
f ′(RN)(r)
f(RN)(r)
)
∂rΦ + 16Q
2H
′(Φ(r))
r6
(
−1 + 1
f(RN)(r)
)
= 0. (17)
We can solve this equation with the regularity bound-
ary condition on the event horizon. Assuming that the
bound state is the final state of the instability around the
5η/M2 Qs/(MΦH)
0 nodes 0.128 0.193
1 node 0.661 -0.243
2 nodes 1.669 0.271
TABLE I. The typical parameter set of the bound states in
the quadratic model with Q/M = 0.99.
vanishing profile Φ = 0, we impose Φ(r →∞) = 0 as the
boundary condition. The scalar charge Qs is defined as
Qs = −r2Φ′(r)|r→∞. (18)
From here, we specify the coupling function H(Φ). As
a first step, we consider the simplest coupling:
H(Φ) =
η
2
Φ2, (19)
where η is a constant. This model is named the quadratic
model. As we will show in the next subsection, the bound
state of this coupling is unstable. In order to stabilize
the bound state, the nonlinear effect of H(Φ) plays an
important role. In particular, the existence of the region
in which H ′′(Φ) is negative is crucial. Then, we also
consider the following coupling function as an example
model:
H(Φ) =
η
2
(
1− e−Φ2
)
. (20)
This model is named the exponential model.
1. The quadratic model
In the quadratic model, the equation of motion for the
scalar field becomes linear, and the normalization factor
of the field is irrelevant as long as the backreaction can
be ignored. We found that for each electric charge Q,
there is a solution which is characterized by the number
of nodes. The typical profiles of the scalar field are
depicted in Fig.4, and the corresponding parameter sets
are summarized in Table.I. In the figure, Φ is normalized
such that the scalar field on the horizon is unity. Fig.5
shows the relation between the electric charge Q/M and
the coupling η/M2 for each number of nodes. From the
plot, we find that there are solutions with 0,1 and 2 nodes
for any Q/M , and there may be solutions with any nodes
for any Q/M . We found that the line of the solution with
0 nodes in the figure is almost same as the critical line of
Fig.3.
2. The exponential model
In the exponential model, the equation of motion for
the scalar field is nonlinear, and the relevant free param-
eters are η/M2,Q/M ,ΦH , where ΦH is the value of the
scalar field on the event horizon. The typical profile of
-0.25
0
0.25
0.50
0.75
1.00
Φ/Φ H
2 4 6 8 10
-1.5
-1.0
-0.5
0
0.5
1.0
1.5
r/M
-r2 Φ'
[r]
0 nodes 1 node 2 nodes
FIG. 4. The typical behavior of the scalar field for the
quadratic model. The electric charge is fixed as Q/M = 0.99.
The corresponding parameter sets are summarized in Table.I.
0.2 0.4 0.6 0.8
Q
M
200
400
600
800
1000
η
M2
0 nodes 1 node 2 nodes
FIG. 5. The relation between the coupling η/M2 and the
electric charge Q/M for different number of nodes in the
quadratic model.
ΦH Qs/M
0 nodes, η/M2 = 1 1.80 0.734
0 nodes, η/M2 = 10 2.49 1.93
1 node, η/M2 = 10 2.34 −1.64
2 nodes, η/M2 = 10 2.19 1.38
TABLE II. The typical parameter set of the bound states in
the exponential model with Q/M = 0.99.
62 4 6 8 10
-1
0
1
2
Φ[r]
2 4 6 8 10
-10
-5
0
5
r/M
-r2 Φ'
(r)
0 nodes, η/M2=1 0 node, η/M2=10
1 nodes, η/M2=10 2 nodes, η/M2=10
FIG. 6. The typical behavior of the non-trivial profile of the
scalar field around a RN BH for Q/M = 0.99 in the exponen-
tial model. The corresponding parameter sets are summarized
in TableII.
the scalar field is depicted in Fig.6, and the correspond-
ing parameter sets are summarized in Table.II For fixed
coupling η/M2 and electric charge, ΦH becomes large
as the number of node decreases. As η/M2 or Q/M is
increased, the solution with higher nodes can be con-
structed. Fig.7 shows the relation between ΦH and the
charge-mass ratio Q/M for different number of nodes and
coupling η/M2. From the plot, for fixed coupling η/M2
and nodes, ΦH is an increasing function for the charge-
to-mass ratio. There is the critical value Qc(η/M
2, n)/M
for a solution with n nodes in which ΦH vanishes. It
means that if Q/M < Qc(η/M
2, n)/M , the solution with
n nodes does not exist. We have scanned the parameter
region of (Q/M, η/M2) in which the bound state exists,
and found that the critical line above which there is the
bound state almost coincides with the line of Fig.3. In
this model, the scalar charge can be of order one, which
means that the large difference from GR appears in the
asymptotic region.
B. Stability analysis of the bound state
We discuss the stability of the bound state, which is
constructed in the previous subsection, around a RN BH.
Let us denote the bound state as Φ0(r), and consider the
0.5 0.6 0.7 0.8 0.9 1.0
Q/M
0.5
1.0
1.5
2.0
2.5
ΦH
η/M2=1, 0 nodes η/M2=1, 1 nodeη/M2=1, 2 nodes η/M2=10, 0 nodesη/M2=10, 1 node η/M2=10, 2 nodes
FIG. 7. The relation between Q/M and ΦH for the nontriv-
ial profile of the scalar field on RN BHs for the exponential
model. The graph shows that there is a critical value of Q/M
below which the solution does not exit for a fixed value of
η/M2.
perturbation around the state:
Φ(t, r, θ, φ) = Φ0(r) +
∑
l,m
σlm(t, r)
r
Ylm(θ, φ), (21)
where Ylm(θ, φ) is the spherical harmonics. From the
equation of motion for the scalar field, we obtain the
equation for σl.m as
− ∂
2σlm
∂t2
+
∂2σlm
∂r2∗
= Ueffσlm, (22)
where the effective potential Ueff is given as
Ueff = f(RN)(r)
(
−16H
′′(Φ0(r))Q2(1− f(RN)(r))
r6
+
l(l + 1)
r2
+
f ′(RN)(r)
r
)
. (23)
1. The quadratic model
In the quadratic model, the effective potential is the
same as one of the perturbations around the constant
scalar field, and hence the stability condition remains
the same. Therefore, the bound state with H(Φ) = η2 Φ
2
is unstable against the radial perturbations.
2. The exponential model
In the exponential model, the effective potential of the
radial perturbation around the bound state on the RN
72 4 6 8 10
r/M
-0.10
-0.05
0.05
Ueff
Exp. model,0 nodes Exp. model,1 node
Quadratic model,0 nodes
FIG. 8. The effective potential for Q/M = 0.99, η/M2 = 1.
Blue line corresponds to nodeless solution for the exponen-
tial mode. Red line corresponds to the solution with 1 node.
Green line corresponds to nodeless solution for the quadratic
model.
BH is shown in Fig.8. The positive effective potential
ensures the stability of the bound state. From Eq.23, in
order that the effective potential becomes positive every-
where, H ′′(Φ0(r)) must be negative around the horizon.
The condition in which H ′′(Φ0) is negative around the
horizon is 1√
2
< |Φ0|. Fig.8 implies that there is pa-
rameter regions in which the effective potential becomes
positive everywhere. Therefore, the nonlinearity of H(Φ)
can stabilize the bound state.
IV. SCALARIZED SOLUTION
In this section, we construct the scalarized BH solu-
tions as the final state of spontaneous scalarization and
discuss the stability.
A. Construction
To construct the solutions, let us focus on the equa-
tions of motion. Due to the U(1) symmetry, the equa-
tion of motion for the vector field can be expressed in the
divergence form:
∇µ
(
Fµν − 4H(Φ)LαβµνFαβ
)
= 0. (24)
We assume that the spacetime is spherically symmetric,
whose metric is given as
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2(dθ2 + sin2 θdφ2), (25)
and Φ = Φ(r). Varying the action with respect to the
metric and the scalar field, we have the set of the ordinary
differential equations:
B′ − 1−B
r
+
rBΦ′2
4
+
rBA′2t
4A
+
2BH(Φ)A′2t
rA
(1−B) = 0, (26)
A′
A
− 1−B
rB
− rΦ
′2
4
+
rA′2t
4A
− 2H(Φ)A
′2
t
rA
(−1 + 3B) = 0, (27)
Φ′′ +
(
2
r
+
A′
2A
+
B′
2B
)
Φ′ +
4A′2t H
′(Φ)
r2A
(1−B) = 0. (28)
Since the equation for the vector field is written as the
divergence form as Eq.24, we can integrate it and obtain
A′t = −
√
A
B
2Q
r2 − 8(B − 1)H(Φ) , (29)
where Q is an integration constant.
We substitute Eq.29 for Eqs.26-28. Then, we have
three equations for A, B, and Φ, and can solve them
numerically. Around the horizon, the metric functions
behave as A(r), B(r) ∝ (r − rH). From the regularity
condition, the behavior of the fields around the horizon
is given by:
Φ(r) = ΦH − 16Q
2H ′(ΦH)
rH(r2H + 8H(ΦH))(−Q2 + r2H + 8H(ΦH))
(r − rH) +O
(
(r − rH)2
)
, (30)
A(r) = A1(r − rH) +O
(
(r − rH)2
)
, (31)
B(r) =
−Q2 + r2H + 8H(ΦH)
rH(r2H + 8H(ΦH))
(r − rH) +O
(
(r − rH)2
)
, (32)
where ΦH is the value of the scalar field on the event horizon, and A1 is a free parameter.
8Q/M Qs/M
0 nodes,η/r2H = 1.0 1.09 0.622
1 node,η/r2H = 1.0 1.01 −0.209
2 nodes,η/r2H = 1.0 1.00 0.0929
0 nodes,η/r2H = 0.1 1.01 0.164
TABLE III. The typical parameter sets for the scalarized BH
solutions for the quadratic model.
We impose the asymptotically flat boundary condition
for the metric, and the vanishing vector and scalar fields
at the infinity. From the equations, the asymptotic be-
haviors of the fields are given as
Φ(r) =
Qs
r
+
MQs
r2
+O
(
1
r3
)
, (33)
A(r) = 1− 2M
r
+
Q2
r2
+O
(
1
r3
)
, (34)
B(r) = 1− 2M
r
+
4Q2 +Q2s
4r2
+O
(
1
r3
)
, (35)
At(r) =
2Q
r
+O
(
1
r3
)
, (36)
where M and Qs are integration constants, which corre-
spond to mass and scalar charge. From Eq.36, Q corre-
sponds to the electric charge.
We numerically integrate the equations of motion un-
der the boundary conditions around the horizon and at
the infinity, and construct the scalarized BH solutions in
the quadratic and the exponential models.
1. The quadratic model
The typical profile of the fields is depicted in Fig.9,
and the parameters of the solutions are summarized in
Table.III. These solutions can be overcharged. We found
that the zero nodes solution has the biggest Q/M for
fixed η/M2 and Q/
√
η. Since nodeless solutions are more
likely to be stable, we focus on nodeless solutions. The
relation between Q/M and Q/
√
η and the relation be-
tween ΦH and Q/
√
η in nodeless solution are plotted in
Fig.10. The figure shows that the function Q/M for
Q/
√
η has a maximum value, and Q/M approaches to
1 for larger Q/rH . Furthermore, for the large coupling
η/r2H , the maximum value of the charge-to-mass ratio
becomes large. There is a critical parameter Qc/
√
η for
Q/
√
η, above which we can not construct the solution,
numerically. We could not determine whether there are
solutions above the critical parameter, or not. On the
other hand, there is also the critical value below which
the scalazried BH solution does not exist, and on which
the scalar field on the event horizon becomes zero.
In the case of the scalariation induced by the term
FµνFµν , there is the critical line in the parameter re-
gion of the coupling and Q/M [30, 31]. For a fixed value
of coupling, there is no scalarized BH solutions whose
-0.25
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5 10 15 20
0.5
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0.8
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1 node, η/rh2=1.0
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FIG. 9. The typical profile of the scalarized BH solutions for
Q/rH = 1.0 for quadratic model. The corresponding param-
eter sets of each solutions are summarized in TableIII.
charge-to-mass ratio is larger than the critical line, on
which the solution is extremal. On the other hand, in our
model, the BH solution which has the maximum Q/M is
not the extremal BH for a fixed value of η/r2H. It is ex-
pected that there is the critical line on the parameter
plane of ( η
r2H
, QM ), which corresponds to the maximum
value of Q/M for a fixed value of coupling. We leave it
as a future work.
Finally, we shortly mention the expected properties
of the extremal BH in the f4 model. From the Eqs.30-
32, the extremal BH, in which the coefficient of r − rH
vanishes, must satisfy the following condition:
−Q2 + r2H + 8H(ΦH) = 0. (37)
When this condition is satisfied, the denominator of the
coefficient of r − rH in Φ vanishes. To construct the
extremal BH solution with finite scalar field, there are
two possibilities. One possibility is that H ′(ΦH) is zero,
and one particular solution is ΦH = 0. Then, the solu-
tion does not have a nontrivial scalar field. The other
possibility is that our ansatz of expansion for the field
90.0
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Q M
0 2 4 6 8
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Q√η
Φ H
η/rH2=0.1 η/rH2=1η/rH2=10
FIG. 10. The sequence of the scalarized BH solutions for
fixed value η/r2H in the quadratic model. Top : The relation
between Q/
√
η and Q/M for nodeless solution. Dotted line
is Q/M = 1. Bottom : The relation between Q/
√
η and the
scalar field on the horizon.
Q/M Qs/M
0 nodes,η/r2H = 1.0 1.07 0.523
1 nodes,η/r2H = 1.0 1.01 −0.197
2 nodes,η/r2H = 1.0 1.00 0.0902
0 nodes,η/r2H = 0.1 1.00 0.113
TABLE IV. The typical parameter sets for the scalarized BH
solutions for the exponential model.
(i.e.Eqs.30-32) is not valid. It would be possible to con-
struct the extremal BH by generalization of the ansatz.
We also leave the construction of the extremal BH in the
f4 model as a future work.
2. The exponential model
The typical behavior of the fields is depicted in Fig.11.
These behaviors are almost the same as the quadratic
model except around the horizon. The relation between
Q/M and Q/
√
η is depicted in Fig.12. The critical pa-
rameter above which we could not construct the solutions
-0.25
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0.8
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0 nodes, η/rh2=1.0
1 node, η/rh2=1.0
2 nodes, η/rh2=1.0
0 nodes, η/rh2=0.1
FIG. 11. The typical behavior of the scalarized BH solutions
with Q/rH = 1 in the exponential model. The corresponding
parameter sets are summarized in TableIV.
numerically is smaller than the quadratic case, and we
could not determine whether solutions exit beyond the
critical value, again. Furthermore, there is the solution
whose ΦH becomes zero. If the Q/
√
η is smaller than the
value of the solution, there is no scalarized BH solutions.
B. Stability
We can check the stability of the scalarized BH solu-
tions by calculating the effective potential. Let us con-
sider the perturbation around the scalarized BH solutions
Φs, which is constructed by solving Eqs.26-28. Here, we
only consider the stability against the perturbation of the
scalar field:
Φ(t, r, θ, φ) = Φs(r) +
∑
l,m
σlm(t, r)
r
Ylm(θ, φ). (38)
10
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η/rH2=0.1 η/rH2=1η/rH2=10
FIG. 12. The sequence of the scalarized BH solutions for the
fixed value η/r2H in the exponential model. Top : The relation
between Q/
√
η and Q/M for node-less solution. Dotted line
is Q/M = 1. Bottom : The relation between Q/
√
η and the
scalar field on the horizon.
From the equation of motion for the scalar field, we have
the equation for σlm:
− ∂
2σlm
∂t2
+
∂2σlm
∂r2∗
= Ueffσlm, (39)
where dr∗ = dr/
√
AB. The effective potential Ueff(r) is
given as
Ueff=
l(l + 1)
r2
A+
1
2r
(A′B +AB′)
−H ′′(Φs) 16Q
2A(1−B)
r2(r2 + 8(1−B)H(Φs))2 . (40)
The typical form of the effective potential for each model
is plotted in Fig. 13 and Fig. 14. In the exponential
model, the effective potential for the nodeless solution is
positive everywhere as shown in Fig.14. As is expected
from the bound state analysis in Sec. III B, the solution is
stable for the l = 0 mode scalar perturbation. Therefore,
we conclude the scalarized BH solution in the exponential
model can be the end state of scalarization.
2 4 6 8 10 r/rH
-1.0
-0.8
-0.6
-0.4
-0.2
Ueff
0 nodes 1 node 2 nodes
FIG. 13. The effective potential for the scalarized BH solu-
tions l = 0, Q/
√
η = 0.9, η/r2H = 1 in the quadratic model.
2 4 6 8 10 r/rH
-3
-2
-1
Ueff
0 nodes 1 node 2 nodes
FIG. 14. The effective potential for the scalarized BH solu-
tions l = 0, Q/
√
η = 1.0, η/r2H = 1 in the exponential model.
V. SUMMARY AND DISCUSSION
In this paper, we have investigated spontaneous scalar-
ization of charged BHs in the scalar-vector-tensor(SVT)
theory which contains the coupling of the scalar field to
the double dual Riemann tensor and the field strength
(i.e. LµναβFµνFαβ). We described this model as the
f4 model. First, we investigated the stability of the test
scalar field around a RN BH with the trivial scalar profile,
and showed that the coupling induces the tachyonic in-
stability in the vicinity of the BH event horizon if the BH
charge or the coupling is sufficiently large and H ′′(0) > 0.
The parameter region in which the scalarization is in-
duced is depicted in Fig.3.
Secondly, using the test field approximation, the bound
state of the scalar field around a RN BH was constructed.
To construct the profile, we consider the quadratic and
the exponential models. The quadratic model is the sim-
plest model in which the scalarization can be realized.
The exponential model is a nonlinear example model.
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Performing the stability analysis, we showed that the
bound state of the quadratic model is unstable. On the
other hand, we also showed that the nonlinear effect of
the scalar field in the exponential model can stabilize the
bound state.
Finally we constructed the scalarized BH solutions.
The solutions are characterized by the BH mass, elec-
tric charge, and the scalar charge. The charge-to-mass
ratio Q/M depends on the charge, and there is the max-
imum value for Q/M . It can be larger than unity. Thus,
scalarized BHs can be overcharged.
The f4 model has different properties from the previ-
ous models of scalrization[30]. In the previous model, the
origin of scalarization is the nontrivial profile of FµνFµν .
So, scalarization can be induced in Minkowski spacetime
with electric and/or magnetic field[30]. In our model,
the trigger of scalarization is the non-trivial profile of
LµναβFµνFαβ . The term vanishes in Minkowski space-
time. For scalarization of the f4 model, the curved space-
time is crucial.
In this paper, we consider scalarization of the f4 model
around RN BHs, and showed that scalarization is in-
duced. In an astrophysical setup, scalarization may re-
alize under the Kerr BH with the external magnetic
field, which may be approximated by Wald’s solution[35].
Therefore, it is expected that the difference between the
f4 and Einstein-Maxwell system may appear in such a
setup. This task is beyond of the scope of this paper.
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Appendix A: Scalar-vector-tensor theories with U(1)
symmetry
In this appendix, we summarize the most general SVT
theory with U(1) symmetry whose equations of motion
are of the second order[6]. The scalar, vector and tensor
fields are denoted by Φ, Aµ, and gµν , respectively.
The action of the theory can be expressed in the fol-
lowing form
S[g,Φ, A] =
∫
d4x
√−g
(
5∑
i=3
LiST +
4∑
i=2
LiSVT
)
,(A1)
where LiST(i = 3, 4, 5) are the Lagrangians of the ST
sector, and LiSVT(i = 2, 3, 4) are the Lagrangians of the
SVT sector. The action of the ST part corresponds to
the Horndeski theory[8–10], which is given as
L3ST = G3(Φ, X)Φ µµ , (A2)
L4ST = G4(Φ, X)R+G4,X(Φ, X)
(
(Φ µµ )
2 − Φ νµ Φ µν
)
, (A3)
L5ST = G5(Φ, X)GµνΦµν −
G5,X(Φ, X)
6
(
(Φ µµ )
3 − 3(Φ µµ )(Φ ρν Φ νρ ) + 2Φ νµ Φ ρν Φ µρ
)
, (A4)
where Gi=3,4,5(Φ, X) are arbitrary functions of Φ and
X, and Gi,X(Φ, X) = ∂XGi(Φ, X).
2 Here, Φαβ =
∇α∇βΦ is the 2nd covariant derivative of Φ, and X =
− 12gµν∇µΦ∇νΦ is the canonical kinetic term of Φ. R,
and Gµν are the Ricci scalar and the Einstein tensor.
The SVT parts of the theory are given as
L2SVT = f2(Φ, X, F, F˜ , Y ), (A5)
L3SVT =Mµν3 Φµν , (A6)
L4SVT =Mµναβ4 ΦµαΦνβ + f4(Φ, X)LµναβFµνFαβ ,
(A7)
2 The G2 term of Horndeski theory is included in f2 term of
scalar-vector-tensor sector.
where F , F˜ , and Y are defined as
F = FµνFµν , (A8)
F˜ = F˜µνFµν , (A9)
Y = ∇µΦ∇νΦFµαF να, (A10)
and Mµν3 , Mµναβ4 , and Lµναβ are given as
Mµν3 =
(
f3(Φ, X)gρσ + f˜3(Φ, X)∇ρΦ∇σΦ
)
F˜µρF˜ νσ,
(A11)
Mµναβ4 =
(
1
2
f4,X(Φ, X) + f˜4(Φ)
)
F˜µν F˜αβ , (A12)
Lµναβ =
1
4
µνρσαβγδRρσγδ. (A13)
Here, Rµναβ is the Riemann tensor, 
αβγδ = 1√−gE
αβγδ
is the covariant anti-symmetric tensor, and Eαβγδ is the
Levi-Civita tensor with E0123 = 1. Fµν is the field
12
strength, and F˜µν = 12
µνλρFλρ is the dual of the field
strength. f2(Φ, X, F, F˜ , Y ) is an arbitrary function of Φ,
X, F , F˜ , and Y . f3(Φ, X), f˜3(Φ, X), and f4(Φ, X) are
arbitrary functions of Φ and X, respectively. f˜4(Φ) is an
arbitrary function of Φ. f4,X(Φ, X) is the derivative of
f4(Φ, X) with respect to X.
The action Eq.A1 gives a framework of the most gen-
eral SVT theory with 2nd order equations of motion
which has U(1) symmetry. This theory includes several
classes of theory which has the scalar, vector, and ten-
sor fields without an Ostrogradsky ghost. One of the
important subclasses is the theory which has the shift
symmetry:
Φ→ Φ + c. (A14)
The theory with the shift symmetry is given by eliminat-
ing the Φ dependence as follows:
Gi=3,4,5(Φ, X)→ Gi=3,4,5(X), (A15)
f2(Φ, X, F, F˜ , Y )→ f2(X,F, F˜ , Y ), (A16)
fi=3,4(Φ, X)→ fi=3,4(X), (A17)
f˜3(Φ, X)→ f˜3(X), (A18)
f˜4(Φ)→ constant. (A19)
By virtue of the shift symmetry, the equation of motion
of the scalar field can be written as divergence form:
∇µJµΦ = 0, (A20)
where JµΦ is the Noether current associated with the shift
symmetry.
Appendix B: No hair theorem for shift symmetric
SVT theory with U(1) symmetry
In this section, we only consider the theory which pos-
sesses the shift symmetry Eq.A14, and discuss an exten-
sion of the BH no-hair theorem of the shift symmetric
Horndeski theory[12] to the subclass of the SVT theory
with the shift symmetry.
We prove the no-hair theorem of the shift symmetric
SVT theory without a cosmological constant under fol-
lowing assumptions:
1. The spacetime is spherically symmetric and static
spacetime with the asymptotic flatness.
2. F , F˜ and the gradient of the scalar field vanish in
the asymptotic region.
3. The scalar and vector fields have the same symme-
tries with the metric.
4. The norm of the Noether current JΦµJ
µ
Φ is finite on
and outside the BH horizon.
5. The theory has the canonical kinetic term of the
scalar field X ⊂ f2(X,F, F˜ , Y ).
6. The functions Gi=3,4,5(X), fi=3,4(X) and f˜3(X)
are analytic at X = 0.
7. f2(X,F, F˜ , Y ) is analytic at X = 0, Y = 0, F = 0,
and F˜ = 0.
8. f3(X) vanishes at X = 0.
Since we assume that the action does not have cosmo-
logical constant, f2(0, 0, 0, 0, 0) = 0, and f2 vanishes at
the infinity. The no-hair theorem states that under the
above conditions, BHs can not have nontrivial profile of
the scalar field and are solutions of the following vector-
tensor theory:
SVT =
∫
d4x
√−g
(
G4(0, 0)R+ f2(0, 0, F, F˜ , 0)
+f4(0, 0)L
µναβFµνFαβ
)
. (B1)
This theory contains RN BHs, Born-Infeld BHs[36], and
BH solutions of the generalized Einstein-Maxwell theory
derived by Horndeski[37]. The assumptions 1-7 are sim-
ple extensions from the assumptions of the no hair the-
orem of the shift symmetric Horndeski theory, and the
condition 8 is an additional one.
To prove the no hair theorem, we focus on the general
property of the current JµΦ. In this section, we use the
following metric ansatz:
ds2 = −f(r)dt2 + 1
f(r)
dr2 + g2(r)r2(dθ2 + sin2 θdφ2),
(B2)
where f(r) and g(r) are functions of r. Without loss of
generality, we assume g(r) > 0. The location rH of the
BH horizon is dictated by f(rH) = 0.
Following the same discussion as the shift symmetric
Horndeski theory [12], the assumptions 1 and 3 imply
that the nontrivial component of the current JµΦ is radial
direction JrΦ, and, the assumption 4 implies that
JrΦ = 0 (B3)
on and outside of the BH horizon. For further discus-
sion, we focus on the expression of the current JrΦ. The
expression of JrΦ is expressed as
JrΦ = Cf2Y f2Y (X,F, F˜ , Y ) + Cf2Xf2X(X,F, F˜ , Y )
+Cf3f3(X) + Cf3Xf3X(X)
+Cf4Xf4X(X) + Cf4XXf4XX(X)
+CG3XG3X(X) + CG4XG4X(X) + CG4XXG4XX(X)
+CG5XG5X(X) + CG5XXG5XX(X), (B4)
where X = − 12f(r)Φ′2, F˜ = 0, F = −2A′2t , and Y =
−f(r)A′2t Φ′2. The coefficients Cf2Y , Cf2X , Cf3, Cf3X ,
Cf4X , Cf4XX , CG3X , CG4X , G4XX , G5X , and CG5XX
are expressed as
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Cf2Y = −F (r)f(r)Φ′(r), (B5)
Cf2X = f(r)Φ
′(r), (B6)
Cf3 =
F (r)f(r) (rg′(r) + g(r))
rg(r)
, (B7)
Cf3X =
2F (r)X(r)f(r) (rg′(r) + g(r))
rg(r)
, (B8)
Cf4X =
F (r)f(r)Φ′(r)
(
3f(r) (rg′(r) + g(r))2 − 2
)
r2g(r)2
, (B9)
Cf4XX =
F (r)X(r)f(r)2 (rg′(r) + g(r))2 Φ′(r)
r2g(r)2
, (B10)
CG3X = X(r)
(
−f ′(r)− 4f(r) (rg
′(r) + g(r))
rg(r)
)
, (B11)
CG4X = −
2f(r)Φ′(r)
(
r2g(r)f ′(r)g′(r) + rg(r)2f ′(r) + f(r) (rg′(r) + g(r))2 − 1
)
r2g(r)2
, (B12)
CG4XX = −4X(r)f(r) (rg
′(r) + g(r)) Φ′(r) (rg(r)f ′(r) + f(r) (rg′(r) + g(r)))
r2g(r)2
, (B13)
CG5X = −
X(r)f ′(r)
(
3f(r) (rg′(r) + g(r))2 − 1
)
r2g(r)2
, (B14)
CG5XX = −2X(r)
2f(r)f ′(r) (rg′(r) + g(r))2
r2g(r)2
. (B15)
Since the coefficients Cf3 and Cf3X do not vanish for
Φ′ = 0, the condition in which the solution with trivial
scalar field exists is f3(0) = 0, which is the assumption 8.
The expression of X, F , and F˜ ensures that these scalar
functions are finite on and outside of BH horizon.
We focus on the assumptions 6 and 7. The assumptions
imply that the functions Gi=3,4,5(X), f2(X,F, F˜ , Y ),
fi=3,4(X), and f˜3(X) can be expressed in terms of Taylor
series:
Gi=3,4,5(X) =
∑
N≥0
G
(N)
i=3,4,5
N !
XN , (B16)
f2(X,F, F˜ , Y ) =
∑
N,M≥0
f
(N,M)
2 (F, F˜ )
N !M !
XNYM ,(B17)
fi=3,4(X) =
∑
N≥0
f
(N)
i=3,4
N !
XN , (B18)
f˜3(X) =
∑
N≥0
f˜
(N)
3
N !
XN , (B19)
where f
(0)
3 = 0. Let us focus on the asymptotic region.
In the asymptotic region, the metric function behave as
f(r), g(r) = 1 +O( 1r ), and F ,F˜ decay as some power of
1
r . Therefore, the form of the current in the asymptotic
region is given as
Jr ' αΦ′, (B20)
where
α = f
(1,0)
2 (0, 0). (B21)
The assumption 5 implies that α does not vanish, and Φ′
must be zero in the asymptotic region. From Eq.B4, the
current behaves as
Jr = S(Φ′(r), F (r), f(r), g(r))Φ′(r), (B22)
where S is nonlinear function of Φ′(r),F (r),f(r), and
g(r), and approaches to α at infinity. Moving inward
from the infinity, S varies continuously, and it implies
that the solution of Jr = 0 is Φ′ = 0 everywhere out-
side the horizon. This is the no hair theorem of the shift
symmetric SVT theory with U(1) symmetry.
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